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THE DEFORMATION OF SYMPLECTIC CRITICAL SURFACES IN 

A KAHLER SURFACE-I 

XIAOLI HAN, JIAYU LI, JUN SUN 


Abstract. In this paper we derive the Euler-Lagrange equation of the functional 
L /3 = /s cos*^ /3 7 ^ — 1 in the class of symplectic surfaces. It is cos^ aH = 
/3(J(JV cosa)^)-*-, which is an elliptic equation when /3 > 0. We call such a surface 
a /3-symplectic critical surface. We first study the properties for each fixed /3- 
symplectic critical surface and then prove that the set of /3 where there is a stable 
/3-syinplectic critical surface is open. We believe it should be also closed. As a 
precise example, we study rotationally symmetric ,5-symplectic critical surfaces in 
carefully . 


1. Introduction 

Suppose that M is a Kahler surface. Let u be the Kahler form on M and let J be 
a complex structure compatible with uj. The Riemannian metric (,) on M is dehned 
by 

(f/,U) =a;(U,JU). 

For a compact oriented real surface S which is smoothly immersed in M, one dehnes, 
following [3] , the Kahler angle a of S in M by 

(1.1) a;|s = cosctd/is 

where d/ts is the area element of S of the induced metric from (,). We say that S is 
a holomorphic curve if cos a = 1, S is a Lagrangian surface if cos a = 0 and S is a 
symplectic surface if cos a > 0. 

In [1] we consider the functional 



The Euler-Lagrange equation of this functional is 

cos^aH= {J{JV cos aY)^. 

We call such a surface a symplectic critical surface. We study the properties of the 
symplectic critical surfaces. In this paper, we consider a sequence of functionals 

Lp= j —^d/r. 

Jy, cosp a 

The research was supported by the National Natural Science Foundation of China, No.11131007, 
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The critical point of the functionals in the class of symplectic surfaces in a Kahler 
surface is called a jS-symplectic critical surface. We hrst calculate the Euler-Lagrange 
equation of 

Theorem 1.1. Let M be a Kahler surface. The Euler-Lagrange equation of the 
functional Lp ((3^—1) is 

(1.2) cos^ oH —/5(J(JV cos «)"'")■*■ = 0, 

where H is the mean curvature vector of S in M, and O"*" means tangential compo¬ 
nents ofO, ()■*■ means the normal components of {). 

Similar to the case that /3 = 1 in |1], we can check that it is an elliptic equation 
module tangential diffeomorphisms if /3 > 0 . 

The equation fll.2l) seems quit interesting. It is the minimal surface equation as 
/3 = 0. In the case that /3 7 ^ 0, a minimal surface with constant Kahler angle ( an 
inhnitesimally holomorphic immersion) satishes the equation, especially two kinds of 
important surfaces, i.e. holomorphic curves and special Lagrangian surfaces satisfy 
the equation. However there are many /d-symplectic critical surfaces which are not 
minimal surfaces. 

Existence of holomorphic curves in a Kahler surface is a fundamental problem in 
differential geometry. It is known that a closed symplectic minimal surface in a com¬ 
pact Khaler-Einstein surface with nonnegative scalar curvature is holomorphic ([9]). 
On the contrary, C. Arezzo ([I]) constructed examples which shows that a strictly 
stable minimal surface in a Kahler-Einstein surface with negative scalar curvature 
may not be holomorphic. 

Our goal in this paper is to start a program to deform /5-symplectic critical surface 
from a minimal surface (/5 = 0 ) to a holomorphic curve {(3 = 00 ) by using continuity 
method. Actually, one can check that if we can deform the /3-symplectic critical 
surface Eg for (3 G [0, 00 ) with uniformly bounded Lp{T,p) to a limit Soo smoothly, 
then Soo is a holomorphic curve in M, regardless of the sign of the scalar curvature 
of M. We do not need M to be a Kahler-Einstein surface. 

We hrst examine the properties of /3-symplectic critical surfaces for each hxed f3. 
We will see that /d-symplectic critical surfaces share many properties with minimal 
surfaces (c. f. i, a, 0 , i ■ |10j). We derive an equation for the Kahler angle of a 
/3-symplectic critical surface in a Kahler-Einstein surface. 


Theorem 1.2. If M is a Kahler-Einstein surface and T, is a f3-symplectic critical 
surface, then we have 


A cos a 


2(3 sin^ a 

cos a(cos^ a -\- (3 sin^ a) 


|Vap 


2 cosQ!|Va|^ 


K cos^ a sin^ a 
4 cos^ a -I (3 sin^ a ’ 


where K is the scalar curvature of M. 


The theorem yields that a /3-symplectic critical surface in a Kahler-Einstein surface 
with nonnegative scalar curvature is holomorphic. 
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Then we calculate the second variation formula of the functionals Lp. Asa corollary 
(c.f. H, 0), we show that 

Theorem 1.3. Let M be a Kdhler surface with positive scalar curvature R. IfE is 
a stable (3-symplectic critical surface in M with (3 > 0 and xiy) ^ Qj where x(i^) is 
the Euler characteristic of the normal bundle u of E in M and g is the genus of S, 
then Tj is a holomorphic curve. 

In order to proceed the continuity method, we dehne the set 

S' := {/5 G [0, oo) I 3 a strictly stable (3 — symplecitc critical surface}. 

As a first attempt to the continuity method and as an application of the second 
variation formula, we prove that 

Theorem 1.4. The set S is open in [0,cx3). 

The existence part will depend on a theorem proved by B. White ([ 8 ]) combining 
with Implicit Function Theorem. White’s theorem tells us that the Jacobi operator 
is a Fredholm map with Fredholm index 0. The stability assumption implies that 
the Jacobi operator is injective, thus isomorphism. The stability of the solution 
follows from the continuity of the Jacobi operator with respect to /3. Of course, the 
closeness (or, the compactness) part is more dedicate. We will attach this problem in 
a subsequent paper. 

As a verification of our idea, we study the rotationally symmetric graphic /3- 
symplectic critical surface in which is given by 

F{r,9) = {r cos 9, r sinO, f{r), g{r)). 

We proved that such a surface is a /3-symplectic critical surface if and only if 

r rfil + ifY + igT)^ =C^, 

\rg'{l + ifr + igr)^ =C2. 

By analyzing the ODE system carefully , we give the following asymptotic expansions: 


Theorem 1.5. For any /3 > 0 and e > 0, the equations 

r rfii+ifr + ig'?)^ =1, 

I rg'il + ifr + igT)'^ =1, 

I f{e) = /o, 

I g{£) = go, 

have a unique -solution on [e,-fcxo). Moreover, f = g' 
asymptotic expansion, 


As r —)■ 0, we have the asymptotic expansion, 

-k /3 — 1 


o{r ^). 

3 / 3+1 1 


As r —)■ oo, we have the 


/ 


1 
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Furthermore, when —)■ 0, we show that converges to the catenoid locally, 
while when (3 —)■ cxd, S/j converges to a flat plane locally. This coincides with our 
expectation. 

The following sections are organized as follows: in Section 2, we derive the Euler- 
Lagrange equation for the Lp functional and the elliptic equation satisfied by the 
Kaher angle, we also derive Webster’s formula for /5-symplectic critical surfaces; in 
Section 3, we prove that the equation is an elliptic system module tangential dif- 
feomorphisms; in Section 4, we compute the second variation for functional; in 
Section 5, we prove the openness of the set of (3 where there is a stable /9-symplectic 
critical surface; in the last section, we study the rotationally symmetric /5-symplectic 
critical surfaces in C^. 

Acknowledgements. Partial of the work are carried out when the first and the third 
authors are visiting the Abdus Salam International Centre for Theoretical Physics 
(ICTP). They would like to thank Professor Claudio Arezzo for invaluable discussions 
about this problem. 


2. The Euler-Lagrange Equation 

Assume that : S ^ M is a one-parameter family of immersions and ^ |t=o = X, 
X is the variational vector field of S. We denote by V the covariant derivative and by 
K the Riemannian curvature tensor on M. Furthermore, V, R denote the covariant 
derivative and the Riemannian curvature tensor of the induced metric g on the surface 

S. 


Theorem 2.1. Let M he a Kdhler surface. The first variational formula of the 
functional Lp is, for any smooth normal vector field X on S, 


(2.1) SxLy = -{(3 + 1) 


X H 

cosh Q. 


dg, f3{f3 1) 


X (J(JVcosa)^)) 




COS 


13+3 


a 


-dg, 


where H is the mean curvature vector of Yi in M, and O'"" means tangential compo¬ 
nents of {), O'*- means the normal components of{). The Euler-Lagrange eguation of 
the functional Lg for /3 ^ —1 is 


( 2 . 2 ) 


cos^ aH — f3{.J{.JX cosck)"'')'*" = 0. 


Proof: Let {xi} be the local normal coordinates around a fixed point p on Y. The 
induced metric on 0i(S) is 

d(j)t dfit 

For simplicity, we denote ^ by e* and gij{t) by gij. A direct calculation gives 


(2.3) 


m 


t=0 9ij T (^i, Ve^X). 
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From the definition of Kahler angle we have 

Ljj{d(j)t/dx^, d(j)t/dx^) 


cosat = 


\/det{gt) 

where det(5't) is the determinant of the metric {gt). Now the fnnctional can be written 


as 


Thns, 


d 

dt 


= 


|f=o 


uj^{d4>t/dx^,d4>t/dx'^) ^ 


( 2 . 4 ) = (/3 + 1 ) 


(Ve,X,e.) 


dg, — (3 


i^(VeiX, 62 ) + VejX) 

cos^+^ a 


Jy; cos^ a 

Now snppose X is a normal vector field, then fl 2 . 4 p can be written as 

jt i‘-“ 

_ f ,/3 + I dtgij\t=og'^ dtUj{d(j)t/dx^,d(j)t/dx^)\t=o 


dg. 


( 2 . 5 ) 


— -(P + 1 ) 


cos^ a 

" X-H 

r cos^ a 


/S- 


-dg — (3 


3+1 ')dg 

cosP+^ a 

i^(VeiX, 62 ) + n;(ei, VejX) 

cos^+^ a 


dg. 


Since S is closed, applying the Stokes formnla, we obtain 


-/9 
= -/S 
-/S 
= -/S 


f iA’(VeiX, 62) + a;(ei, VejX) ^ 

'y cos/ 3+1 a ^ 

f ei(a;(X, 62 )) - a;(X, Vei Ve^F) 
'y cos^+^ a 

r e2(a;(ei,X))-n;(Ve,Ve,F,X) 
'y cos^+^ a 

f Vei(cu(X, 62)) + Ve2(<^(ei, X)) 


dg 


dg 


dg 


= -/9(/9 + l) 


cos^+^ a 

a;(X, 62) Vei cos a + a;(ei, X) Vej cos a 

cos/5+2 Q, 


dg, 


where we have used the fact that u is parallel. Since a;(X, 62) = —(X, Je2), n;(ei, X) = 
(X, Jei) and 


(JV cos a)~^ = (Jci Vei cos a + Je2Ve2 cos a)~^ 

= ( JCi, 62)62 Vei COS a + ( J62, 61)61 Ve2 COS a 

= (62 Vei cos a — 61 Ve2 cos a) cos a, 
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SO 

U!{X, 62) Vei COS a + a;(ei, X)'Ve2 cos a = 
Therefore, we have 

A 

dt 


X- (J(JVcosa)T))^ 


cos a 


|t=o Lp{(j)t) — —(/3 + 1 ) 


X H 


cos^ 


a 


d/i 


+/?(/? + 1) 


X- (J(JVcosa )^))^ 
cos^+3 a 


-djji. 


Q. E. D. 

We express (J(JV cosa)^))-*- at a hxed point p in a local frame. If we assume the 
Kahler form is self-dual, then J has the form 


( 2 . 6 ) 

where 


/ 0 X y z \ 

j _ —X 0 ^ —y 

—y—zO X ' 
y —z y —X 0 

1. By the dehnition of the Kahler angle, we know that 
X = coscK = oj{ei, 62 ) = (Jci, 62 ). 


Then, 

(J(JV cosa)~’^))~‘~ = (J(cosa9i cos 0(62 — cos q;c ?2 cos aei))"*" 

= — cos a sin adia(Je 2 )~‘~ + cos a sin ad 2 a(Jei)~‘~ 

= — COSO sin ocli 0 ( 2:63 — 1 / 64 ) -f cos o sin oc? 2 Q(( 1/63 -f- 2 : 64 ). 

Thus, by fl2.2|) we get that 

(2.7) = /3-^^^^(yd2a - zdia); 

cos^ a 

sin rv 

( 2 . 8 ) = (3—:^{ydia + zd 2 a). 

cos^ a 

Theorem 2.2 ((cf. [ 1 ])). If Tj is a closed symplectic surface which is smoothly im¬ 
mersed in M with the Kahler angle a, then a satisfies the following eguation , 

Acoso = cos — \h\f^ + 

(2.9) -|- sin a{H\ -\- H\) -^-( 77 i 2 i 2 + 77i234)- 

cos a 

where K is the curvature operator of M and Hf = (V^.H^Ca)- 


Theorem 2.3. Suppose that M is Kahler surface and Ti is a ft-symplectic critical 
surface in M with Kahler angle a, then coso satisfies, 

2/9 sin^ a 

cos o(cos 2 o + /3 sin^ o) 


A COSO 


|Vo|^ — 2 coso|Vo|^ 
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( 2 . 10 ) 


cos^ a sin^ a 


Jei, 62 ). 


cos^ a + (3 sin^ a 

Proof. We will compute pointwise. For a fixed point p G S, we can choose the local 
frame such that at p, y = sin a and z = 0. For a /3-symplectic critical surface S, if 
we set V = Vejttes + Veiae 4 , then we have 


( 2 , 11 ) 


H = /? 


sin^ a 


cos^ a 


V. 


It is easy to check that (see (2.5) of [1]) 


( 2 . 12 ) 


VeiCX — {hii + hi2), Ve2<T — {hi2 + ^ 22 )- 


By direct computation, we have at p, 


iK, - + {h\, + hi,Y = 


|Hp + 2|Vr+ 2H-V 


^^ + 2 + 2/3^^)|V| 
cos^ a cos"' a 


sin'^ a + 2 cos^ a + 2/3 sin^ a cos^ a 


cos"^ a 


|Vap, 


and 


+ HY) = sina;((VeiH, 64 ) + (VejH, 63 )) 

= sma{di{HY + e^) + 82 ( 1 !^ + i?'^(Ve2e4, 63 )) 

/3sina{c3i[^^^^^(i/9ia + zd 2 a)] + 82 [ (p^2« - z 8 ia)]} 


'cos^ a 


'cos^ a 


+ sina(h/'^(Veie3,e4) + h/'^(Ve2e4, 63 )) 
Y sinQ;[gi( 8 ia)y + --^ 8 ia 8 iy 


' cos^ a 


cos^ a 


, a ( a \ , a a 

+ 8 i[ — 7^82a)z H-^— 82 a 8 iz 


' cos^ a 


cos^ a 


sma sma 

+<^ 2 (— — 82 a)y + ^ daadap 


'cos^ a 

a a \ 

-C 2 (— —8ia)z 

cos"' a 


cos^ a 
sincK 

cos^ a 


8 ia 82 z\ 


+ sinQ!(if^(Veie3,e4) + {Ve.^) 
= /3sm Q![c/i(— 7 ^ 8 ia) + 82 [ — 5 —C 2 a)J 


'cos^ a 


' cos^ a 


+Y 


— :^[8ia8iy + 82 a 82 y) + Y —^ 

cos^ a cos^ a 


{ 82 a 8 iz — 8 ia 82 z) 


+ sina(Fr^(Veie3,e4) + h/'^(Ve2e4, 63 )) 
^sin^cx, ^sin^ Q((l + sin^ a) ,9 

= Y — i^Aa + Y -- -\Voi\^ 

COS''' a 


cos"' a 


+/3 


sin^ a 


cos^ a 


{8ia8iy + 82 a 82 y) + Y 


sin^ a 


cos^ a 


{ 82 a 8 iz — 8 ia 82 z) 

























XIAOLI HAN, JIAYU LI, JUN SUN 


Sin ol _ _ 

( 2 . 13 ) +/3 --— {d20l(V 64) + e 2 ^ 4 :-i 63))- 

cos^ a 

Now we begin to compute diadiy + d2ad2y and d20idiz — diad2Z. Note that y = 
(761,63). Then 


diadiy + d2ad2y 


9 iQ;((JVei 6 i, 63) + (J6i, Vei63)) 

+92u((7Ve2ei, 63) + (J61, e2^^)) 

dia{— cosah^i — cosah\ 2 ) + d 2 a{— cos 61 / 1^2 — 0050 / 1 . 22 ) 
cosa (—/133 — h\ 2 )dia + cosa(—/i32 — /iL)// 2 « 
cosa|Va|^. 


Similarly, since z = (761,64), we have 

52ac/l2; - diad2Z = C?2a((7Vei6i, 64) + ( 76 i, Vei64)) 

-c/ia((7Ve26i, 64) + (761, Ve2e4)) 

= c/2 a (—cos 0/132 + sin a (Vei 64, 63) +0050/133) 

— c/iO(— COSo/i22 + sino(Ve2e4, 63) + 0050/132) 

= d2a{H^ cos o + cos oc/20) + dia{H^ cos o + cos oc/io) 

+ sino(c/20(Vei64,63) - c/3o(Ve2e4, 63)) 

cos^ a + (3 sin^ o 


COSO 


■|Voh + sino(c/20(Vei64,63) - c/3o(Ve2e4, 63)). 


Putting this equation into fl 2 . 13 p we get that 
( 2 . 14 ) 


,^-rd AiSin^o,, ^sin^ 0(2 + dsin^ o) ,n 

sm0(1/3+ i 75 ) = -(3 ^ ^ Acoso + /j- 7 __+-i|Vop. 


cos^ o 


cos^ o 


Putting these two equations into fl 2 . 9 p . we obtain that, 
( 3 "^ sin^ 0 + 2 cos^ 0 + 2/3 sin^ o cos^ o 


A cos o = 


cos^ o 


2 „ sm^ o . 

- :5 —A COSO 

cos"* o 


|Vo |"-/3 


+/ 3 +A(!±l+M|Va|^ 


sin^ o 


cos^ o 


COSO 

2(3 sin^ 0 — 2 cos^ o(cos^ a + (3 sin^ o) 


-/S 


cos^ o 

sin^ o sin^ o 

A cos o- 


(II 1212 + II 1234 ) 

iVo^ 


cos^ o 


COSO 


(A'1212 + ^^3234). 


Therefore, 


A cos o = 


2(3 sin^ o 


cos o(cos^ a + (3 sin^ o) 


|Vo|^ — 2 coso|Vo|" 


cososm o 


cos^ o + /3 sin^ o 


(A"i212 + ^^ 3234 ) 
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2/9 sin^ a 


cos a(cos^ a + /3 sin^ a) 


|Va|^ — 2 cosa|Va|" 


cos^ a sin^ a 


-Ric{Jei, 62 ). 


cos^ a + (3 sin^ a 

The last equality used the fact that K 1212 + -^"1234 = cos aRic{Jei, 62 ) (Lemma 3.2 in 

g]). Q. E. D. 


Corollary 2.4. Assume M is Kdhler-Einstein surface with scalar curvature K, then 
COSO satisfies, 


A COSO 


2/9 sin^ a 

cos q;(cos 2 a + /9 sin^ a) 




2cosa|Va!|^ 


K cos^ a sin^ a 
4 cos^ a + fi sin^ a 


Corollary 2.5. Any /3-symplectic critical surface in a Kdhler-Einstein surface with 
nonnegative scalar curvature is a holomorphic curve for /9 > 0. 


Similar to minimal surfaces (|9|, [TO]) and symplectic critical surfaces (gj), a non- 
holomorphic /9-symplectic critical surface in a Kahler surface has at most hnite com¬ 
plex points, and the following formula can be derived. 


Theorem 2.6. Suppose that E is a non holomorphic fi-symplectic critical surface in 
a Kdhler surface M. Then 

x(s) + x(p) = -P, 

and 

c,(M)([E]) = -P, 

where x(S) is the Euler characteristic of S, x(z/) is the Euler characteristic of the 
normal bundle ofYi in M, cfiM) is the first Chern class of M, [S] G H 2 {M, Z) is the 
homology class of S in M, and P is the number of complex tangent points. 


Proof : Similar to the analysis in g], we know that the complex points are isolated. 
Set 

g{a) = ln(sin^ a). 

Then using the equation fl2.10|) . we obtain 


Ag{a) = 


n „ COS a . 

^ ^ A cos 0 — 4 


-2|Var-2- „ 

sin a 


cos^ a 


sin^ a 


iVop 


= -2|Va|^- 


4/9 


-iVop 


+ 


cos^ a + (3 sin^ a ' 

2 cos^ a ^ 

(A 1212 + A1234 J 


(2-15) , 2 ^ • 2 ' 

cos^ a -h p sm a 

This equation is valid away from the complex tangent points of M. By the Gauss 
equation and Ricci equation, we have. 


A1212 — ^^1212 + ^11^22 ~ (^12)^ 
R 1234 = A'i234 + h\k^2k ~ htk^lk, 
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where R 1212 is the curvature of TS and -R 1234 is the curvature of the normal bundle 
v. Adding these two equations together, we get that, 


K 


1212 


K 


1234 


= R 


1212 


-R1234 — nIH| 


1 




R 1212 

R 1212 


-R 1234 

-R 1234 


+ |Vp + H-V 

cos^ a + dsin^ a 

+-r-• 

cos^ a 


Thus, 


R 


1212 


R 


1234 


cos^ a + d sin^ a . , , 2/3 


cos^ a 


2 cos^ a 

Integrating the above equality over S, arguing as that in [9], we can obtain, 

(2.16) 27r(x(TS) + x{^)) = -27rP, 

where x{TTi) is the Euler characteristic of S and x{^) is the Euler characteristic of 
the normal bundle of S in M, P is the sum of the orders of complex tangent points. 
By (12.151) we also get that, 

4/3 


A 5 '(«) = -2|Va| 


|v«h 


cos^ a + f3 sin^ a 


cos^ a + /3 sin^ a 

Note that Ric{Jei, e 2 )d/is is the pulled back Ricci 2-form of M by the immersion F 
to S, i.e, 

F*{Ric^) = P3c( Jei, e 2 )d/is- 

Thus, 

^cos^ a-1-/3 sin^ a ^ ^ ^ ^ 2/3-f cos^ a-1-/3sin^ a ,2 


F*{Ric^) = ( 


-Ag{a) + 


2 cos^ a 

Integrating it over E, we obtain that, 

(2.17) 27rF*Ci(M)[S] = -27rP. 


cos^ a 


|Va| )(i/is- 


Q.E.D. 


Remark 2.7. In |1] there was an error in the computations which was corrected 
above. 


Remark 2.8. The formulae ^2.1(Fi and (2.11) are usually called Webter’s formula, 
and proved by Webster in [6] and [7]. 














THE DEFORMATION OF SYMPLECTIC CRITICAL SURFACES 


11 


3. Principal Symbol of the Equation (12.21) 

In this section, we examine the principle symbol of the equation fl2.2p . First note 
that, the equation fl 2 . 2 p can be rewritten as 

(3.1) cos^ aH = /3( J(Vei cos ae 2 — Vgj cos aei))"*". 

For simplicity, we suppose that S is a surface in C^. The general case is similar. In 
local coordinate, we can express the surface as 

F : S —^ 

{Xi,X2) I-^ F{xi,X2) = {F^{Xi,X2),- ■ ■ ,F^{Xi,X2)). 

We will use the following conventions: 


l<bj, •••<2, 3 < a,/3,---< 4, 1 < Al,F, ••• <4. 


The tangent space of S at a hxed point a: G E is spanned by {ci, 62} given by 


dF dF^ 


dF dF^ 


(3.2) Cl — —— — —— Fa, 62 — — Fa, 

OX I OX\ 0X2 t/X2 

where {Fi, • • • , F 4 } is the standard orthonormal basis of Therefore, the induced 
metric on S is given by 


dF^ dF^ 

We can take the coordinates so that at the hxed point x G E, we have gij{x) 
We will also take the standard complex structure J on given by 




/ 0 -1 0 

0 \ 

(3.4) 

J = 

1 0 0 

0 0 0 

0 

-1 



0 0 1 

0 

Then we have 




(3.5) 

1 JE2k-l — E2k 
yJE2k = —E2k- 

-1- 




Furthermore, we choose any orthonormal basis {ea}a =3 normal space. Denote 

(3.6) P = cos^ aH — /9(J(Vei cosae 2 — Vgj cosaei))"*". 


We will compute the principal symbol of P. 

First we consider the principal part of H. Note that by (13.3p . we can easily see that 
the Christoffel symbol of the induced metric is: 

pfc _ 1 ki 9F^ 

2 ^ \dxj dxi dxi J dxidxj dxi 
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Therefore, we have 

H = AsF = 


= 


= 


- g 


\ Cl™ ^ dxidxj 

The linearization of the operator at F in the direction G is: 


d^F 

dxidxj 

d^F 

dxidxj 

d‘^F^ 

dxidxj 






- g 


kl 


d2FB gpB Qp 

dxidxj dxi dxk 

f^idF^dF^ d^F^ . ^ 
Fa- 


(3.8) D{Ii){F)G = 


d^G^ 

dxidxj 


g 


kl 


dF^dF^ d'^G^ 
dxk dxi dxidxj 


Ea + first order terms. 


Next, we will consider the second part of P. By dehnition, 

^{^ 1 ,^ 2 } (</ei,e2) 


(3,9) 


COS a = 


^^det{gij) ^det{gij) 


By fl3.2l) and fl3.4l) . we have: 


(Jei,e2) = ( 

fc=i 


Qp2k-l Qp2k Qp2k Qp2k-l 


V dxi dX2 


dxi 8 X 2 


Therefore, we have 


2 ( 9_F2fc-i Qp2k dF'^*‘ gp'^k-i 


ELi 


cos a = 


\ 8x1 8x2 


8x1 8x2 


\/det{gi 


8 cos a 
8 x 1 

X f 2 ^^2^2fc-l Qp2k-l Q2p2k Q2p2kQp2k-l Qp2kQ2p2k-l 

^det{gij) V dxi dx2 ^ < 9 x 1 8x18x2 8x1 dx2 8x1 8x18x2 


-^{Jei,e2)g^^ 


82fA QpA QpA Q2pA 

+ 


8xi8xi 8xj 8xi 8xi8x. 


and 


9 cos a 
8 x 2 
1 

\/det{g. 


f 8“^8F'^^ 8F'^^~^ 8“^F'^’^ 8'^F‘^^ 8F'^’^~^ 8F‘^^ 8'^F'^^~^ 


VJ l, fc=l 


\ 8 x 18 x 2 8 x 2 


8x1 8x1 8x18x2 8x2 8x1 8x1 


--{Jei,e2)g^^ 


82fA gpA gpA Q2pA 

+ 


8x28x1 8xj 8xi 8X28X. 
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By our choice of the frame, at the hxed point x, we have 


(J(Vei COSae2 — Vea cosaci))' 


9 cos a 


(Jea)- 


9 cos a 
dxo 


(Jei)- 


(3.10) 


dxi 

d cos a , , d cos a , , 

-(t /625 Cq;)6q, — \J 


dxi 


dxo 


Notice that cos a, Qij, e* and only involve hrst order derivatives of the immersion 
F. Therefore, by fl3.8p and fl3.10|) . we know that the linearization of the operator P 
at F in the direction G (computed at the point x) is: 


D{P){F)G 


= cos^ 


d^G^ _ ^idF^dF^ d^G^ ^ 
dxidxj ^ dxk dxi dxidxj 


gp2k-l g2Q2k g2Q2kgp2k-l gp2kg2Q2k-l 

-/3 El — - + 


, k = 


^ \ dxl dx2 ' dxi dxidx2 dx\ 8x2 dxi 8x18x2 
.. / r)w^ \ 'i 

(t/e2, 6a)6<: 


2 S' Qj,. Qj,. Qx^8Xj 


, /a2(^2fc-l ^^2fc Qp2k-lQ2Q2k Q2Q2k Qp2k-l gp2k Q2Q2k-l 

F)'r^ dXi 8x1 8X18X2 8X2 8X1 8X2 

(t/ Cl , Ca'jCa 


^ V 8x18x2 8x2 

k=l ^ 


-\ij . ij ( d^^dF^ 8F^ 8^G^ 

2 S' \ygx28xi 8xj 8xi 8x28xj 

(3.11)+ first order terms. 

We will denote G^ and G^ the projection of G G on the tangent bundle and 
normal bundle of S respectively. It is easy to see that 

,^r,2 kur. 9F..^ 8 F. ^i.^b8 F^8F^ 

|G^|2 = g’^^G, ^)(G, —) = g’^^G^G^ . 

uX]^ OXi ^X]^ OXi 

Then we see that the principal symbol of P is given by: 

{a{D{P)){x,i)G,G) 

= cos= ag“ X 

,aF“ 


-a E 


. k=l 


8 X 2 


k=l 


E G- 


_idF^ 

8 X 1 


G 


8 xk 8 x 1 

f) p2fc— 1 ' 

Qp2k-l 


2k 


8 X 1 ) 


1 (Jei,G^)e2^ 
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-E 

=1 

G 


a 


k=l 

2k-l 


2.-1^ 

dxi 


f) Tp2k—\ ' 

- 1 (Jes,^^) 


dxi 




dX7 


dX'2 


66 


( 3 . 12 ) 


' a pA 

+ cos«^*^G'^(^(Jei,G'^)66 


dF^ 

dxj 


■( J 62 , 


By fl3.5p . we have 

(a( 2 D(P))(a;, 0 G,G) 

= cos^ Q;|^p|G-‘-p 

-/? { (-(Je 2 , G^)(Jes, G) - (Jei, e 2 )(G, ei)(Jes, G^)) il 
+ (—(Jei, G"'‘)(Jei, G) + (Jei, e 2 )(G, e 2 )(Jei, G"*")) ^2 
+ ((Je 2 ,G^)(Jei,G) + (Jei, G^)(Je 2 , G) 

(3.13) +(Jei, e 2 )(G, ei)(Jei, G"*") — (Jei, e 2 )(G, e 2 )(Je 2 , G"*")) 66 } • 

Note that (Jei)^ = (Jei, 62)62 and (Je 2 )^ = —(Jei, 62 ) 61 . Thus we have 
(a(2D(P))(a:,0G,G) = cos^ciienG^p 

+/? ((G"*", Je2)^^i — 2 (G‘*', Jei)(G'*‘, Je2)66 + (G"*", Jei)^.^^) 
= (cos^ a|G^p + /3(G^, Je 2 )') 6 ' " 2/9(G^, Jei)(G^, Je 2)66 
(3.14) + (cos^ Q!|G‘‘'|^ + /9(G'‘‘, Jei)^) .^ 2 - 


The coefficient matrix is given by 

iQie;'i n - /^ cos^Q!|G-^P+ /3(G-^, Je 2 )^ -/3(G-^, Jei)(G-^, Je 2 ) \ 

y —/9(G-*-, Jei)(G-*-, Je 2 ) cos^ a|G-*-p +/9(G-*-, Jei)^ y ’ 


We have 


JetO = cos^ alG"*"!^ +/9 cos^ a|G‘*'p((G'*‘, Jei)^ + (G"*", Je 2 )^) 

(3.16) = cos^ Q!|G‘‘'|^ [cos^ a|G‘‘'|^ +/9((G'‘‘, Jei)^ + (G"*", Je2)^)] . 


From fl3.16p . we see that if /3 > 0, then detO > 0, with equality holds if and only if 
cos^Q!|G-‘“P = 0. In particular. 

Proposition 3.1. For a fd-symplectic critical surface with /3 > 0, the Euler-Lagrange 
equation \2.2i) is an elliptic system modulo tangential diffeomorphisms ofT,. 


4 . Second Variation Formula 

In this section, we will compute the second variation of the functional Lg for a ft- 
symplectic critical surface. To this end, we use the notations as in Section 2. Recall 
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that 


hW = 




Is cos^ a 

where 0 : S —)■ M is a smooth symplectic immersion. Let 0(S) be a /9-symplectic 
critical surface. We consider a smooth family of symplectic immersions 

'■ S X (—5, 5) X (—a, a) ^ M 

with 00,0 = 0- Since symplectic is an open condition, we can assume that 0t,e(S) is 
symplectic property for every t G (—05) and every e G {—a, a), that means that 
is a symplectic variation of 0. For symplicity, we write 0o,o(S) = 0(S) = S. Let 

dptfl I ^ <900,e I j <9^1,. I rz 

^ |t= 0 — X, |e= 0 — Y, and |t= 0 ,e= 0 — Z. 

Lemma 4.1. We have the general seeond variation formula: 

(9^ 

|t=0,e=0 


dtde 


= (13 + 1) [ ^ di,-{p + l) [ di, 

Js cosP q; Js cos^ q; 


+ (0 + 1)' 


divsXdivs Y 
cos9 a 


dfi 


0 + 1 f {ei,VejX}{ej,Ve,Y) + {ej,VeiX}{ei,VejY) 


dfi 


2 Js cos^a 

Js cosP+^ q; 

+ 1) / rffcEyU(WVe2) +^(e.,V..Je)) ^^ 

cosP+^ q; 

f ujjKj F, ei)X, e2)a;(ei, X( Y, e^)^) 

Js cos^+^ a 

(4.1) /' ^(v»Ywy) + ^v..y,v..M ,^ 

9s cosP+^ q; 

+ 1) [ X, 62) + a;(ei, Ve2X))(a;(Vei Y, 62) +a;(ei, Ve^ y)) ^ 

Js COs9+2 Q; 

where { 61 , 62 } is a loeal orthonormal basis of T,, div^X = (Ve W, 60 and K is the 
eurvature tensor on M. 


Proof: As in Section 2, let {xi} be the local normal coordinates around a fixed 
point p on S. The induced metric on 0t,e(S) is 


dpt. dpt. 
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For simplicity, we denote by e*, gij{t,e) by Qij and (j)t,e by 0 . It is easy to see 

U=0,e=0 9ij Cj) + (Cj, Ve^X), 


that 


d 

m ' 

( 4 . 2 ) 


( 4 . 3 ) 


d 

We ’ 

and 

dtde 

|t=0,e=0 9 ij 

( 4 . 4 ) 




=o,e=o 9 ij — (VfiiZ + iF(Y, ei)X, Cj) + (cj, VgjZ + iF(Y, ej)X) 

+ (Ve.X, Ve,Y) + (Ve,Y, Ve,X). 

Here, K is the curvature tensor on M. As in Section 2 , if we denote 


then 

We have 
d 


dt 


U/s = 


u}9(^d(j)/dxi,d(j)/dx2)^ 

Lg{(l>t,e) = j i^gdxi A dx 2 . 

/9 + 1 


-/S 


2 ul^{d(l)/dxi,d(l)/dx2) 

det(/?+i)/2(^)[^(Vg^/g^^50/5t, d(j)jdx2) + uj{d(j)/dxi, Vd4>/dx2d(j)/dt)] 


a;^+^((90/(9a;i, d(j)jdx2) 


and 


b=0,e=0 ^/3 


dedt 

{(3 + 1)^ g^^-§^ |t=0,e=0 9ij9^''-§^ |t=0,e=0 gkl ^ /3 + 1 9^^-^ |i=0,e=0 9ij 


cos^ a 


4 cos^ a 

/3 A 1 ^ |t= 0 ,e =0 9 ij'^ |t= 0 ,e =0 9 ij 
2 cos^ a 

/3{/3 + 1 ) 9^^§j: |t= 0 ,e =0 9ij[^(yei^ |l= 0 ,e= 0 ,e 2 ) + l^(ei, Veaf^ |i= 0 ,e=o)] 


cos^+^ a 


/ 3(/3 + 1) |t=0,e=0 |t=0,e=0, 62) + a;(ei, Ve2^ |t=0,e=o). 


d(f> 


2 cos^+^ a 

\t=0,e=0,Ve,f^ \t=0,e=o) + |i=0,e=0, Ve^ f |i=0,.= 


oj 


cos^+^ a 

|t=0,e=0 d-K{^ |^^ 0 ,e= 0 ; ei)^ |4=0,e=0; ^ 2 ) 

cos''^+^ a 

Ve2^^ |t=0,e=0 3 -K{^ |t=0,e=0; 62)^ |t=0,e=o) 


_ - de 

cos^+^ a 
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,/?(/? + l)r 50 I ^ ^ ^ 9(j) ^ 

■I-5TTI-|f=0,e=0, 62) + Ci;(ei, Vej-^ |4=0,e=o)J 


cos^+2 a 


dt 


r ,= d(j) , , d(j) , ,, 

■[oj[Vei-^ |4=0,e=0) 62) + Vej-^ |t=0,e=o)J- 

By fOj) . fOj) and fOj) . we have 

5" , 


5e5t 


|t=0,e=0 

,(Ve,X,e,)(Ve,Y,e,) 


(Ve,Z,ei) 


= +(/^+i) 


cos^ a 

-(;3 + l) 


cos'^ a 

K(X,ei,Y,ei) 


COS^ a \r' ' J ^Qg/3 Q, 

,3 + 1 ((V..X,ej) + (e,, V.,X))((V,.Y,e,) + (e,, V..Y)) 

2 cos^ a 

( Ve,x, Cj) [a;( Vei Y, 62) + ujei, Vea Y)] 

cos^+^ a 

(Ve^Y, ej)[a;(VeiX, 62) + uj{ei, VejX)] 

cos^+^ a 

a;(Ve,X, Ve,Y) +a;(Ve,Y, Ve,X) 

cos^+^ a 

i^(VeiZ, 62 ) + a;(ei, VejZ) 

cos^+^ a 

u{K{Y, ei)X, 62) + a;(ei, K{Y, e2)X) 


-0(0 + 1) 
- 0(0 + 1 ) 
-0 
-0 
-0 


(4.5) 


+0(0 + 1) 


cos^+^ a 

[a;(VeiX, 62) + a;(ei, Ve2X)][a;(VeiY, 62) + a;(ei, VejY)] 


cos^+2 a 

Since S is a 0-syniplectic critical surface, by the hrst variation formula 
that 


we see 


(4.6) (0 + 1) 


=:P r 


cos^ a 


i^(VeiZ, 62 ) + a;(ei, VejZ) 

cos^+^ a 


dfj, = 0. 


Notice that, 

2(Ve.X, Ve.Y) - ((Ve.X,e,-) + (e„ Ve,X))((Ve.Y,e,-) + (e,, Ve,Y)) 
(4.7) = 2(vtx.v;Y>-((ei.V,,X>(e,,V„Y) + (e,,V.,Y)(e,,V.,X)), 

and 


(4.8) {Ve,X,ei) = divj^X. 

Putting fl4.6p . fl4.7p and fl4.8p into fl4.5p . we obtain the identity in the lemma. Q.E.D. 
Assume now that X = Y is a normal vector held, then we have 

(4.9) dznEX= -(X,H), 
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(4,10) 

and 


(e„Ve,X)(e„Ve.X) = (X,A(e„e,))2, 


-/S 


u{K{X, ei)X, 62) + u{ei, K{X, e2)X) 


= /S 


Jy, cos^+^ a 

f (Je2,X(X,ei)X)-(Jei,X(X,e2)X) 

s cos^+^ a 

f ei(a;(X, Ve^X)) — Ci;(X, Ve^ VeaX) 
/s cos^+^ a 

f e2(a;(Ve,X,X)) -a;(Ve,VeiX,X) 
s/5+i 


d/i — 2(3 


a;(Ve,X, V,,X) 
cos^+^ a 


dfx 


d/j, 


djji 


dfi 


= /S 


/s cos^"^^ a 

X(X, ei, Je2, X) + X(X, 62, X, Jei) + X(ei, 62, JX, X) 

cos^+^ a 

u (X,Ve,X)Ve, cosci + Ci;(VeiX, X))Ve2 cos a 


dfi 


dfi. 


(4.11) -m + i), 

Jy. COSP+"' a 

In the last step, we used integration by parts. By the hrst Bianchi identity, we have 
X(X, ei, Je2, X) + X(X, 62, X, Jei) + X(ei, 62, JX), X 

(4.12) = X(X,ei, JX,e2) + X(X,e2,ei, JX) + X(X, JX,e2,ei) = 0. 
Therefore, by fl4.9p . fl4.10p . fl4.1ip and fl4.12p . we obtain: 

Corollary 4.2. If X is a normal variation, then 
d‘^ 


dt^ 


|t=o Lp{ct)t) := Ih{X) 


= (/5 + 1) 

HP + if 


' ' 


d/i — (/? + 1) 


(X,A(e„e,))^ 


s cos^ a 

c /j^ 

— a—dfi + 2(3(y(3 + 1 ) 


cos^ a 


d/i - (/5 + 1) 


K{X,e„X,ei) 


cosh a 


d/r 


cos^ a 


(X, H}{u{Ve,X, 62) + a;(ei, V^^X)) 
cos^+^ a 


d/i 


-/3(/3 + 1) 


(44h3P/3 + 1) 


o; (X,Ve2X)Vei COSO + a;(VeiX, X) Vej cos a 

cos^+2 a 

iuiVe,X,e2)+uj{euVe,X}y , 

cos/5+2 a 


dfi 


Next, we will follow Micallef-Wolfson’s idea ([5]) to give another version of the 
second variation formula so that we can have some rigidity results as its corollaries. 
For the background material of the geometry of a surface in a four-manifold, we refer 
to Section 3 of Micallef-Wolfson’s paper (|S]). 

Set X = xaCs -t- then 

a;(X,Ve2X) = (JX,Ve2X) 
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= (ts Jea + a ;4 Je 4 ,0:3263 + 0:4264 - 0:3/12*6* - x ^ hhei ) 

= 0:30:42(^63, 64) + 0:40:32(764, 63) 

+2^3(2^3^12 + 2:4/112) (^3) J^l) + 2:3(0:3/122 + 0:4/122) (^3) 7^2) 
+0:4(0:3/112 + 0:4/112)(e 4 , 76 i) + 0:4(0:3/122 + 0:4/122)(64, 762). 


Notice that (see fl 2 . 6 p i 

( 4 . 14 ) 

( 4 . 15 ) 


( 4 . 16 ) 

Thus, we have 

a;(X,Ve3X) 


( 4 . 17 ) 

and 


(761,62) = (763,64) = cos a, 
(761,63) = -(762,64), 
(761,64) = (762,63). 


(0:30:42 - 0:40:32) cos a 

+ (2:3/112 + 0:30:4/112 - 0:30:4/122 - 0:4/122)(63, 76 i ) 

+ (2^3^L + 2:30:4/122 + 0:30:4/112 + 0:4/112) (63, 762), 


a;(X, VeiX) = (0:30:41 — 0:40:31) cos a 

+ (2:3/111 + 0:30:4/111 - 0:30:4/^12 - 0:4/112)(63, 76 i) 

( 4 . 18 ) +(2^3^12 + 2:32:4/112 + 2:30:4/2,11 + 0:4/2,11)(63, 762), 

Similarly, 

( 4 . 19 ,)’(VeiX, 62) + a;(6i, VejX) = — cos 0(0:37/'^ + 0:477^) 

+ (2^32 + 2:4i)(76i, 63) + (0:42 — X3i)(762, 63). 


By dHU), we get that 


2/7 (/7 + 1) ^ 
+/7(/7 + 1) 

= —/7(/7 + 1) J 
+/7(/7 + 1) J 
(4.20) +2/7(/7+l) 


(X, H) (cu(Ve,X, 62) + a;(6i, Ve,X)) 
cos^+^ a 

(ci;(VeiX, 62) + 00(61, VejX))" 


dfi 


3/3+2, 

(xaif^ + ^477^)^ 


i2 

-7/i + /7(/7 + 1) 


■7/i 


cos/^ ct 
(2:42 - 2:31)^(762,63)^ 

cos/3+2 Q, 


(2:32 +2:41)^(761,63)^ 
Cos/3+2 a 


■dfi 


■7/i 


(2:32 + 2 : 4 i)(o :42 — 0 : 3 i)( 76 i, 63 )( 762 , 63) 


Now 77 ^(X) can be written as 
77 ^(X) = (/7 + 1 ) / 


cos/3+2 Q, 


7/i — (/7 + 1) 


dfi. 


xjKsi^i + 0:4774*4* + 20:30:4773*4* 


dfi 


cos/^ a 


cos/^ a 
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-2(/9 + l) 


+(3{f3 + 1) 

+ 2 /?(/? + 1 ) 


{x^h \2 + X 4 h\ 2 Y ~ + Xih\^){x^hl 2 + 2 : 4 / 122 ) 


cos^ 


a 


dfi 


( 2:32 + XAif{Jei, 63 )^ + ( 3:42 - 2:3i)^(Je2, 

i/3+2 


f ( 2:32 + 2:4i)(2;42 — x^i){Jei,es){Je 2 , 63 ) 


■dfi 


cos/3+2 Q, 


djji 


(4.21) 

where 


+////3(X), 

J//^(X) = -/?(/? + 1) 


a;(X, VeaX) Vei cos a + a;( VgjX, X) Vea cos a 


Jy, COS/^+2 q. 

In addition, if we set Y = —J^X. = 0:463 — 2 : 364 , then by 04.211) . we get that 

+ //s(Y) 

|X|'=(Am3, + Kuu) 


dfi 


= 2(/3 + l) / 
Jl 

-2(/5 + l) 

+/?(/? + 1) 


.^2 I .^2 

cos^ a 


dfj, — (/3 4“ 1) 


cos/3 Q, 


-d/i 


IxpKfcfj)" + (fc?3)= - fcfifci - ht,i4,] 


cos/3 a 

f [( 2:32 + 2 : 41 )^ + ( 2:42 - 2 : 3 i)^][(Jei, 63 )^ + (^ 62 , 63 )^] 

/v COs/3+2 61: 


dfi 


dfi 


(4.22) +JJ/^(X) + /JJ^(Y). 

Using 04.171) and 04.18p . it is easy to check that 

(4.23///^(X) + J/J^(Y) = 2(/3 + l) / ( 0 : 32 : 42 -X 42 : 32 )Ve 


1 


cos^ a 
1 


-dfi 


-d/i 


-2{/3 + 1) / ( 2 : 30:41 - 0 : 40 : 31 )Vea- o 

OS cos/’ a 

-Pi/d + l) ^ |xp(^?2 - ^22)(e3,d'6i)VeiCOSa 

-/3(/3 + l) 

+/3(/3 + 1) 


+(3{(3 + 1) 




Cos^+2 

a 

|X| 

^(^22 

+ 

to 

j6i)Vei COS a 



cos/3+2 

a 

|X| 

Hhh 

1 

to 

CO 

j6i)Vea COS a 



cos/3+2 

a 

|X| 

"(^?2 

+ ^ 11 ) (+4, 

j6i)Vea COS 61 


Js cos/3+2 CK 

Integrating the hrst two terms in 04.231) by parts, we get that 


d/r 

dfi 

d/i 

d/A. 


2(/3 + 1 ) / ( 2 : 30:42 - o:4o:32)V, 


-d/i - 2(/5 + 1) / (2:30:41 - X4o:3i)V, 


= 2(/3-4 1) 


cos/3 Q, 

2 ( 0 : 320:41 - 0 : 310 : 42 ) + 0 : 3 ( 0:412 - 2 : 421 ) + 2 : 4 ( 2:321 - 2 : 312 ) 


62 


cosP a 


dfi 


cos/3 Q, 
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= 4(/3 + 1) 


^ 322^41 ~ 2:310:42 


cos^ a 


dfi + 2(/? + 1) 


\X\^R 


3412 


cos^ a 


d/I, 


where -R3412 is the normal curvature of S in M. Here, we have used the fact that (see 
(3.9) of(ia)) 

= 2:421 — 2:412, 2:4i?34i2 = 2:321 — 2:312. 

We will compute the last four terms of (I4.23p at each point, so we can choose an 
orthonormal frame {ei, 62, 63, 64} around the point so that J takes the form 

/ 0 cos a sin a 0 \ 

— cos a 0 0 — sin a 

— sin a 0 0 cos a 

0 sin a — cos a 0 y 

By the equation of a /3-symplectic critical surface fl2.11l) . we have 


(4.24) 


J = 


\ 




sin^ a 


9 ’ 

cos^ a 


Vei«, H^ = (3 


sin^ a 

5 V 62^1. 

cos^ a 


Using (I2.12p . we have 

“(^12 ~ ^22)^61 cos a + — h^2)^e2 cos a 

= sin a(/ii2 + h^i — H^)Ve^ot + sin a(h22 + h^2 ~ 

• 2 • 2 

Sin (y. sin ex 

= — sin Q;(Veia + /?-5—VeiCi) VeiO — sin a;(Ve2Q; + -2—Veja) VeaCx 


sinQ;(cos^ a + dsin^ a) ,9 

-^-^iVap, 

cos"' a 


and 


“(^L + ^12)^ei COSa + (hi2 + /l^i)Ve2 COS Q( = — siu Q?VejO;Vgi « + siu Q?Vei « Ve2 « = 0. 
By the Ricci equation. 


R3412 — .^3412 + h.uhoi, — h^uh 


we obtain that 

IIIp{X) + IIIp(Y) = 4(/3 + l)^ 

+ 2 (/ 3 +l) 

(4.25) -/3(/3 + 1) 

Putting (14.251) into (14.221) yields 

//j(X) + //s(Y) 

= 2(/3 + 1) 


2:322:41 — 2:312:42 


d/i + 2(/3 + 1) 


ixpip. 


3412 


cos^ a 

- hlA) 


cos^ a 


d/i 


d/i 


Is cos^ a 

f |Xy sin^ q;(cos^ a + /dsin^ a) 


cos 


. 0+4 


a 


iVayd/i. 


(2:32 + 2:41)^ + (2:42 - a:3i)" 


cos^ 


a 


■d/i 
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J: 

+ 1 ) 
-/ 9(/9 + l) 
- 2(/9 + l) 


(i/I 


|Xp(i^3i3j + ~ 2i^i234' 

COS^ (A 

‘ [(3:32 + 2:41)^ + (3:42 - 2:31)^] sin^ a 


cos^+2 a 

r |Xp sin^ Q((cos^ (A +/? sin^ q;) 

^/3+4 , 


(i/i 


\Va\‘^dn 


Jy; a 

r |Xp[(/if2)^ + - hl^hl^ - h\^hi2 - 

Jy cos ^ a 

By Lemma 3.2 of [1], it is easy to check that 

i^3i3i + i^4i4i — 2Xi234 = 2iL sin^ Q;, 

where i? is the scalar curvature of M. By (3.16) of [5], we have 

(2^32 + 2:41)^ + (a ;42 — X31Y = |ciXp. 

Using the fact that S is a /3-symplectic critical surface again, we can see that 
(^12)^ + (^12)^ ~ ^11^22 ~ ^11^22 ~ ^lk^ 2 k + ^ 2 k^lk 

= + h\ 2 ){h \2 — h 22 ) + (h ;^2 + ^L )(^12 ~ ^11) 

= -Veia{-Ve^a - - Ve2a{-Ve20' - H^) 


dfi. 


= VeiQ;(Veia +/i 


sin^ a 
cos^ a 


Vei(u) + Ve2u(Ve2(L + /3 


sin^ a 
cos^ a 


Ve2a) 


cos^ a +/S sin^ a ,9 
-|Va|2 


cos^ a 


Therefore, we can conclude that 
//;3(X) + //^(Y) = -2(/i + l) 

+/?(/? + 1) 
-/5(/5 + l) 
-2(/i + l) 
= -2(/i + l) 

~(/^ I 

i: 

This gives the following theorem: 


XlXp sin^ a 


dfi + 2(/3 + 1) 


Iy cosp a 


djji 


s cos^ a 

f |5Xp sin^ a 

4 cos^+2 a 

/“ IXP sin^ a(cos^ a + d sin^ a) , 9 , 

/ ^^- '- Va^dfi 

Iy cos^+^q; 

^ |Xp(cos^Q; + /isin^Q;)|^ 2 


cos/^+2 a 

iLlXpsin^a 

- g - dfi + (/? + !) 

cos^ a 
^2 


I'Vafdfi 

|9Xp(2 cos^ a + (3 sin^ a) 


cos/5+2 Q, 


(2 cos^ a + (3 sin^ o;) (cos^ a + (3 sim a) 
cos^+"^ a 


XplVal^d/i. 
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Theorem 4.3. If we choose X = x^e^, + 0:464 and Y = —J^X = x^e^ — 0:364, then 
the second variation of the functional of a /3-symplectic critical surface is 


= -2(/9 + l) 
(4.26) -(/? + l) 


IIyiX) + IIf,iY) 

K\X\^ sin^ a 


cos^ a 
^2 


dfi + (/3 + 1) 


\dX\‘^{2 cos^ a + (3 sin^ a] 


COS' 


13+2 


a 


dfi 


(2 cos^ a + jl sin"^ a) (cos^ a + (3 sin^ a) 

005^+*^ a 


X\^\Va\‘^dfi. 


As applications of the stability inequality fl4.26p . we can obtain some rigidity results 
for stable /9-symplectic critical surfaces. 


Corollary 4.4. Let M he a Kdhler surface with positive scalar curvature K. //S is 
a stable [3-symplectic critical surface in M with (3 > 0, whose normal bundle admits 
a nontrivial section X with 


\dX\^ 

IW 


cos^ a +/3 sin^ a .n 
<-.-|Va| , 


cos^ a 


then Ti is a holomorphic curve. 


Proof: If S is a stable /5-symplectic critical surface in M, we have 


IlyiX) + IIpfY) > 0, 

where Y = —JyX. By Theorem 14.31 with /? > 0, we obtain 

, ^ . f A'lXP sin^ a , 

2{f3 + 1) / - 0 - djj, < 0, 

COSPQ! 

Since (3 >0 and A' > 0, by the last inequality, we must have sin a = 0, that is, S is 
a holomorphic curve. Q.E.D. 


Corollary 4.5. Let M be a Kdhler surface with positive scalar curvature K. If Ti is 
a stable (3-symplectic critical surface in M with (3 > and x(z/) > g, where x(i/) is 
the Euler characteristic of the normal bundle u of Yi in M and g is the genus of S, 
then E is a holomorphic curve. 

Proof: Let L be the canonical line bundle over E, let 0{i>)) denote the space 

of holomorphic sections of u, and let iL°(S, 0 {i 2 ^L)) denote the space of holomorphic 
sections of u ^ L, then by Riemann-Roch theorem, we have 

dim//°(S,C>(i/)) = x(z/)-c/ + l + dimLf°(E,C>(z/(8 )L)) > 1 . 


We therefore have a nontrivial holomorphic section on u and the corollary follows 
from Corollary 14.41 Q.E.D. 
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5 . Continuity Method and Openness 

We would like to study the family of /9-symplectic critical surfaces in [0,cx)). We 
set 

5' := {/5 G [0, cxd) I 3 a strictly stable /9 — symplecitc critical surface}. 

Theorem 5.1. S is open on [0,oo). In other words, if there is a strictly stable 
(3o-symplectic critical surface then there is a strictly stable fl-symplectic critical 
surface in the neighborhood ofUg^ for ft sufficiently close to (3 q. 

Before we prove our theorem, we state theorem 1.1 of White [8] here for the reader’s 
convenience. 


Theorem 5.2. [8] Let M he a smooth compact m-dimensional Riemannian manifold, 
V be a smooth Euclidean vector bundle over M, and W be a smooth Riemannian 
connection on V. Let G be the Banach space of functions f that assign to each 
X G M, V G 14 ; o^nd linear map L : Tan,^M a real number f{x,v,L) in such 

a way that D^f is also Let T be an open subset of a Banach space and A be a 

smooth map from T to G. Then: 

(1) If Ut G 1 /) is a differentiable one-parameter family of sections, then 

d f f d 

(—)t =0 / A.y{x,Ut{x),Vut{x))dx= H{'y,uo){x) ■—uo{x)dx 
ctt J J (It 


where 


hf (7, u) = —divDsA^i^x, u, Vu) + D2A.y{x, u, Vu). 

Furthermore, if2<j<q and u G Gl°‘{M, V), then H{^,u) G G^~‘^’°‘{M, V) and the 
map 

H :Tx G^'^{M, V) V) 

is G^-f 

(2) The linearization 


J = uo) : V) ^ G^-‘^’^{M, V) 


is a self-adjoint second order linear partial differential operator. 

If in addition J is an elliptic operator, then 

(3) J is a Fredholm map with Fredholm index 0. 

(f) //if(70,Mo) = 0 , then uq must be G'^’^ for every /3 <1. 

(5) There is an orthonormal basis for If {M,V) consisting of G'^ eigenfunctions for 
J. For every X, only finitely many eigenfunctions have eigenvalues less than X. 


Proof of Theorem l5.lt It suffices to show that if fio G S, i.e., there exists a strictly 
stable /9o-symplecitc critical surface in M, then there at least one solution to the 
equation fl2.2p which is also strictly stable when fi is sufficiently close to (Iq. We will 
use the above theorem and Implicit Function Theorem. 

In order to use the above theorem of White. We need equate the map F with the 
section u of normal bundle and we consider the equivalent class [u] in place of u ([u] 
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denote the set of all maps uo (f) where 0 : S —)■ S is a diffeomorphism). See theorem 
2.1 in [8]. 

We have seen in Section 3 that the linearization = DP{P, [F]) is an elliptic 
operator. Therefore, by (3) of the above theorem, is a Fredholm operator with 
Fredholm index 0. Since we assume that is strictly stable so that Jjs^ has no 
normal Jacobi fields, therefore is an isomorphism. Thus, by Implicit Function 
Theorem, we see that (12.2p has a solution for /3 G (/do — Po + J) for some J > 0. We 
denote it by 

It remains to show that is strictly stable. This follows from fl4.13p . By fl4.13p . 
we see that the operator Jp is continuous m. ( 3 . In particular, the eigenvalues of Jp are 
continuous in ( 3 . Since is strictly stable, the smallest eigenvalue of Jp^^ is positive. 
By continuity, there exists > 0 (which may be smaller than 6 above), so that the 
smallest eigenvalue of Jp is positive for (3 G (/do — Ji,/do + hi). That means, 'Lp is a 
strictly stable /d-symplecitc critical surface in M for /d G (/do — (5i,/do + Ji), namely, 
(/do — Ji, /do + Ji) C S. This proves the openness of S. Q.E.D. 

6 . Rotationally Symmetric / 3 -Symplectic Critical Surfaces in 

In this section, we study the rotationally symmetric /d-symplectic critical surfaces 
in of the following form: 


( 6 . 1 ) 


F{r,9) = {r cos 9, r sm9, f{r), g{r)). 


Then we have 


ei = Fr = (cos 6*, sin 6*, /', g'), €2 = Fg = (—r sin 0, r cos 0, 0, 0), 

63 = (—/' cos6', —/'sin6', 1, 0), 64 = {—g' cos 0, —gf'sin 0, 0,1). 


Further, we have 

Frr = (0, 0, f", g"), Fro = (— sin 9, cos 9, 0, 0), F 00 = (—r cos 9, —r sin 9, 0, 0). 
Therefore, the induced metric on S is given by 



det(^.,) = r2(l + (/')^ + (^')^). 





detig^p) = 1 + Ur + {gT- 

1 f 1 + {gT -f'g' 
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Denote by A = 1 + (/')^ + ((7X, then it is easy to see that 


( 6 . 2 ) 


COSO; = 


> 0 , 


yi + (/')"+ (s'? 

so that the snrface S is always symplectic. Now we compute H and (J(JV cos a 


02 p 

d^F 




dr 


+ g 


,es)+g^Hg'^ 


de^ 


d'^F 

dr‘i 


+ g 


22 


,e4)]e3 


dr^ ^ de^ 

^ + {g')\f" , fg\g 


d^F 22^2^ 4 ^^d‘^F 

— + g + g {g ^ 


+ g 


d^F 

'W 

<92 F 


A 




ry42 


,1 + (/')L9" , s', /'s',/" , /'„ 
4—<A + 7>-—(x + 7>l'‘ 

[r(l + (9')t/" - r/'s's" + 4/']e3 


(6.3) 

It is clear that 


rA^ 


lr(l + (fr)g"-rf'gT + Ag']e,. 


V cos a = (g 


11 


9 cos a 


= g 


11 


dr 

9 cos a 
dr 


+ g 


-ei = 


12 


9 cos a 


)ei + {g 


21 


9 cos a 


245/2 


do dr 

^ (/'/" +9's")e.. 


+ g 


22 


9 cos a 
dO 


)e2 


Moreover, 


{JeiY = g''YJei,ei)ej = g {Jei, 62)62 = -62, 

r 

(J(Jei)^)-^ = ^(Je2)-^ = ^[fi'“^(Je2,ea)]e/3 

Yi + WY fg' n , h^ + if'Y > 

= - -1- rf - —rg 63 + - --- rg - — 

r A A r A A 

_ /' ^0' 


fg' 


774 


Thus, 

(6.4) {J{JV cos af)^ = 
Putting fl6.3p and fl6.4p into fl2.2p 


{ff' + g'g")f {ff' + g'g”)g' 

~^3 -TT77-64- 


247/2 


247/2 


/\2\ fH 


r/W'+A/'l 
^[ril + UW - rf'g'f" + 49 '] = 
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That is equivalent to 

r ^(1 + + /3(f )2)r + r(/3 - l)rg'g" + (1 + {f? + W?)f 

\ r(i + ur ++r(/3 - i)/vr +(1 + ur + 

This implies a nice equation 


It is equivalent that 
(6.5) 


{rr{i + {rf + {g'f)^y =o 
{rg\l + {rf + {9'?)'^y =0 


rf(l + (/')^ + (l/')^)^ =Ci 

rg'{l+{ff + {g'f)^ = 


= 0 
= 0 


for any constant Ci, C 2 . 

There is a trivial case for the system (16.hh . Actually, if Ci = C 2 = 0, then f,g 
must be constants and a /9-symplectic critical surface must be a plane. 

Next, we will divide four cases to study the solutions of fl6.5p . The easiest one is 
the case that /9 = 1, which follows directly from fl6.5p : 


Theorem 6.1. Let Tj be a 1-symplectic critical surface (i.e., (3 = 1) in of the form 
m), then there exists constants Ci, C 2 , C 3 and C 4 , such that 

( 6 . 6 ) / = Cl Inr + 6 * 3 , g = C 2 lnr + C 4 . 

When /5 = 0, i.e., E is a minimal surface in C^, we have 

Theorem 6.2. Let Yi be a minimal surface (i.e., /3 = 0) in of the form W. 1\] . If 
g = constant, we suppose Ci = 1 in li6.5\) . Then 

/(r) = ± cosh“^ r + C 3 , 


and S is the catenoid. 

If both f and g are not constants, we suppose Ci = C 2 = 1 in \6. 51) . Then there 
exist constants C 3 and C 4 , such that 

T CI 3 , g = cosh ^ ^ + C 4 . 

V 2 

Proof: If g = constant, then the first equation of fl6.5p for /3 = 0 becomes 

r/'(l + (/')^)-^ = l. 



Rearranging it, we obtain that 



Integrating gives the desired conclusion. The second case follows in the same way 
since we have f = g' in this case. Q.E.D. 


We will analyze the asymptotic behavior of the solutions. Note that, if one of Ci, 
C 2 is zero, say, C 2 = 0, then from the second equality of fl6.5|) . we see that g' = 0. 
In this case, the hrst equation in fl6.5p becomes a nonlinear equation for /'. We can 
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analyze it in the same way as we will do in the following theorems in which we deal 
with the general case. 

Now we assnme /? 7 ^ 1, 0 and Ci ^ 0, C 2 ^ 0 in the following. The constants Ci, C 2 
are determined by the initial data of f and g'. Withont loss of generality, we assnme 
Ci=C 2 = 1 . 


Theorem 6.3. For any /? > 0 and e > 0, the equations 

[ rni + iff + ig'?)'^ = 1 , 

I rg'{l + {rf + {9'?)^ = 1 , 

I f{e) = fo, 

[ 9{£) = 9o, 


have a unique C°°-solution on [e,+ 00 ). Moreover, f = g'. 
asymptotic expansion, 


/' = 7 - ^ 

As r ^ t), we have the asymptotic expansion. 


+ o(r ^). 


As r ^ 00 , we have the 


f 


1-13 1 


2 213 f 13 


tzl 

/3 


3/3+1 i , i, 
2 2/3 7-/3 -|- o { rf ^). 


Proof: First we show that a solntion exists on [e,+ cxd). Comparing the above 
eqnations, we get that ^ = 1, i.e, g' = f. Pntting f = g' into the second eqnation 

we get that r/'(l + 2(/')^)^ = 1. In the interval [e:, + 00 ), f is bonnded. Thns there 
exists a solntion in [e:, + 00 ). 

Now we tnrn to the nniqneness. Assnme there is a another solntion (/, g) which 
satishes the above eqnations. By the same argnment, we have f = g' and 

(6.8) /'(I+ 2{rf)^ - /'(I+ 2crf)^ = 0. 

If /' > /' at some point vq, then (1 + 2{f'y)^ > (1 + 2(/')^)^ > 0 at ro when 
/3 > 1. That is impossible. Therefore /' = /'. Then / = / if they satisfy the same 
initial condition. Similarly, g = g. This proves the nniqneness for (d > 1. 

On the other hand, if 0 < /9 < 1, then we can rewrite (16.Sh as 

/'(l + 2 (/')^)^-/'(l + 2 (m^= 0 . 

Since /' > 0, /' > 0 by the eqnation, we can rearrange it as 

2 ~ 2 ~ “23 ~ 2/3 

if)^ - if)^ + ‘2{fT{fT[{f')^ - = 0 . 

2 ~ 2 2/3 ~ 2/3 

If /' > /' at some point ro, then and at ro when 

0 < /3 < 1. That is impossible. Therefore f = /'. Then / = / if they satisfy the 
same initial condition. Similarly, g = g. This proves the nniqneness for 0 < /S < 1. 
Next we stndy the behavionr of f which satishes 

(6.9) rf(l + 2(m^=l. 


as r —)■ 00 and r —)■ 0 . 
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As r —)■ cxo, /' must tend to 0. By the equation fl6.9jl . we see that limj-^ooF/' = 1. 
We write f' = l +i/’(r), then we obtain that lim^^oo = 0. Putting it into 


That implies that 


Therefore, 


(1 + ri>) / 3-1 (1 + -^ + — + 2il)^) = 1 . 


2 2 1 
^ + ^r + o(-) = o. 

r^'ip p — 1 r 


= -(/^- 1) + o(l), 


which implies the desired expansion. 

As r —>■ 0, /' must tend to infinity. By the equation fl6.9l) . we can easily see that 


hmr^o 2^2 r{f'Y = 1, which implies that \im.r^orP f = 2 2/3. Now we can write 
r?/' = 2^ + w(r), where limr^o'?L'(^) = 0. Putting it into fl6.9p . we obtain that 

(1 + 2^w(r))^(2^rt +2V'(2^ + w{r)Y) = 1. 

Expanding this equation we obtain that, 

f3 


1-/3 


_1 2 
2 PrP + 


/3-1 


w{r) -|- o{w{r)) = 0, 


which implies that 


w{r) (3 — 1 3/3+1 


lim 

r —^0 ^ 




2 2/3 


Therefore, as r —)■ 0 we have. 


1-/3 B — 1 3/3+1 

/' = 2 2/3 r /3 — -2 2/3 ^/3 -I- o{rP). 


Q.E.D. 


The above theorem describes the asymptotic behavior of the rotationally symmetric 
/9-symplectic critical surface as r —)■ 0 and r ^ oo for each fixed B- Next we will 
examine the behavior on a fixed compact set when (3 goes to infinity and {3 tends to 

0 . 


Proposition 6.4. f'^0as(3^ooin [e, -foo) for any e > 0. 

Proof: Using the fundamental inequality [l + xY > l-t-px, for x > 0 and p > 0, we 
have that {l + 2{f'Y)^ > l + (/3-l)(/')^ for/? > 1. By (EH), we have /' < fj 
This clearly implies the theorem. Q.E.D. 

Corollary 6.5. Let he a family of smooth complete (3-symplectic critical surface 
which are rotationally symmetric. Suppose 7 ^ 0 for some compact set K <Z €3 

for all (3- Then there exists a subsequence Hy., such that converges to a plane 
locally on M"^\{0}. 
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Proof: For any [a,b] C (0,cxd), we see from Theorem 16.31 that f converges to 0 
nniformly on [a, 6] as /9 —)■ oo. Therefore, by onr assnmption, there is a snbseqnence 
which converges to a piece of plane nniformly on [a,b] as /3j tends to inhnity. 
Then the corollary follows from diagonal argnment. Q.E.D. 

Now we stndy the limiting snrface as /3 —)■ 0. 

Proposition 6.6. For any B > A > \/2, the solution of h6.9\) with (3 > 0 
converges uniformly on [A, B] to the catenoid when [3 goes to zero. And for each fixed 
roe(0,x/2], we have lim^j^o/^(i"o) = oo. 

Proof: We can rewrite fl6.9p as 

rfiim (/g)^ 1 

* (l+2(/y2)i-s 

On the interval [vd,!?], we have ^ ^ Using the fnndamental ineqnality 

(1 + xY < 1 + for a; > 0 and 0 < p < 1, we know from fl6.10p and Yonng’s 
ineqnality that 

AYfpf < 1 + < 1 + < 2(1 - /3)(/')2 + 1 + 2/3. 

In particnlar, for [3 G [0,1), we have 

(f'F s 

Therefore, we can letting f3 goes to zero in fl6.10l) on [^4, B\ and the hrst conclnsion 
follows from the continnons dependence of ODE on the parameters. 

For the second conclnsion, we note that for each hxed ro G (0, \/2), we have from 
fib.iup that 

(6.11) r„^(/+(r„) > (1 + 2(/;(r„))^)'-'>. 

Snppose liminf/ 3 ^ 0 /^(I’o) = D < oo, then there exists a seqnence /3i 0, snch that 

lim^.^o /ft(^o) = D. Replace {3 by /3i in fl6.1ip and letting i ^ oo yields 

0 > 1 + (2 — rg)D^ >1 V fixed vq G (0, \/2], 
which gives the desired contradiction. Q.E.D. 

In all the previons analysis, we choose Oi = 02 = 1 in fl6.5|) . Of conrse, we can also 
choose Cl = O 2 = — 1. Actnally, a smooth complete catenoid consists of two pieces 
of graphs with Oi = O 2 = 1 (denoted by Sq ) and with Oi = 02 = — 1 (denoted by 
Eg). By Theorem 16.31 we see that either Oi = O 2 = 1 or Oi = O 2 = —1 prodnces a 
complete /3-symplectic critical snrface (or E^ ). 

Proposition 16.61 tells ns that, the two families of complete /3-symplectic critical 
snrfaces E^ (or E^) converges locally nniformly to the half of catenoid E"*" (or E“, 
respectively) when /3 —)■ 0. (This can also be seen from the Fignre 1 in the following.) 

Another interesting observation is the small pertnrbation E^ of the catenoid Eg 
for /? > 0 consists of two complete /3-symplectic critical snrfaces E^ and E^. Note 
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that the catenoid Sq is not a stable minimal snrface, so one may get two /5-symplectic 
critical snrfaces in a neighborhood of Sq. It is different form the case that in Theorem 
15.11 where we show that there is only one stable /5-symplectic critical snrface in a 
neighborhood of a stable minimal snrface. 



Figure 1. Comparison of different valnes of f5 


Corollary 6.7. Let T, be a complete rotationally symmetric graphic /3-symplectic 
critical surface in with cos a > 5 > 0 for some positive number 6 and (3 > 0, then 
S must be a plane. 


Proof: Theorem 16.11 and Theorem 16.31 show that the domain of the defining fnnc- 
tions {f{r),g{r)) must contain (0,cxd). Furthermore, the asymptotic expansion show 
that if S is not a plane, then either limr^.o \ f'{'r')\ = oo or lim^^o = oo- By 

fl6.2p . we must have limr^.ocosa = 0. Q.E.D. 


Finally, we prove a Louville theorem for /5-symplectic critical surfaces in C^. 

Theorem 6.8. Let Tf be a complete fd-symplecctic surface in with cos a > 5 > 0 
and Area{B^{s)) < Cs'^ for s > 0, then T, is a holomorphic curve with respect to 
some compatible complex structure in C^. Here, B^{s) is the intrinsic ball ofT,. 


Proof: From Corollary 12.41 we can easily see that: 

1 A cos a 2|VcosaP 


A- 


cosa 


cos^ a 


cos^ a 


2cos^a — 2dsin'^a ,n 2sin^a,„ ,9 

■|Va|2 +-^|Va|2 


cos^ q;(cos2 a + ft sim a) 


cos^ a 
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COS q;(cos^ a + (5 sin"^ a) 


|Vap 


- is a subharmonic 

a. 

However, the quadratic area growth implies that 
to be a constant on S, which implies that E is 
holomorphic with respect to some compatible complex structure in C^. Q.E.D. 


Since cos a > 5 > 0, we have 1 < - < t, which means that 

function bounded from above on E. 

E is parabolic ([2]). This forces 
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